The scaling theories and the results of the renormalization-group ε = 4 − d expansion ( d is the spatial dimensionality) as well as the computer simulations such as Monte Carlo simulations are extensively reviewed for star polymers with very long flexible arms of equal length in a dilute solution of the good solvent limit, with a close connection to general polymer networks. In particular, the asymptotic behaviour of the conformational and entropic quantities in the long chain limit is discussed in detail in terms of the polymer-magnetism analogy. Discussions are given not only for static properties such as the distribution functions and the osmotic pressure or entropy but also for dynamic properties such as the relaxation time and the intrinsic viscosity of star polymers.
Introduction
The complicated statistics of polymer networks [1] having ring [2] , star [3] , and other branched topologies in solution have received a continuous attention over a long time. The statistics of polymer networks resolved in a good solvent in the dilute limit can be measured in terms of monomer distribution, end-to-end distance distribution, entropy, and so on. On the other hand, typical dynamic properties of a dilute solution of polymer networks in a good solvent are as follows: relaxation time, diffusion constant, viscosity, sedimentation coefficient, hydrodynamic radius, and so on. They can be measured experimentally by means of optical, neutron-diffraction and other techniques. They are theoretically estimated by means of computer simulations and other numerical techniques (see [4, 5] for review and see also [6] [7] [8] [9] [10] [11] [12] [13] [14] for star polymers) as well as using sophisticated analyses such as the exact results in two dimensions [15, 16] , scaling theory [2, [17] [18] [19] and renormalization-group (RG) techniques (for star polymers see [20] [21] [22] [23] [24] [25] as well as [17, 19] , and for other polymer networks see [15, 26] ). All these quantities and techniques are of course not special for polymer networks but have been rather common for linear polymers. However, the resulting behaviour is not always similar to that of linear polymers. As an example, a ring polymer having a very simple polymer architecture, which is characterized by a closed loop without branch, is known to have the statistics in a dilute solution different from that of an open chain [2] . Another extreme example of polymer networks is a polymer gel, which is a huge network of many flexible linear chains, and its statistics and dynamics have attracted interest [2] .
A star polymer is composed of many long arm chains starting from a center unit. Still it has a simple enough structure but its statistics and dynamics involve a lot of important ingredients of more general polymer networks. In fact, it has been found in two [15, 16] and arbitrary dimensions [15, 17, 18] that the behaviour of the total number of configurations of star polymers determines the behaviour of general polymer networks, The study of star polymers is also interesting in other respects since it has a close relationship to the subject of micellar and other polymeric surfactant systems [27] [28] [29] [30] , and has a potential to bring widespread applications.
In the past two decades, the great progress in the synthesis of highly qualified monodisperse polymer networks [31] [32] [33] [34] [35] [36] [37] [38] has stimulated many experimental and theoretical studies of star polymers. More recently, star polymers with a huge number of arms has also been synthesized in a controlled fashion [39] . The experimental studies of star polymers have stimulated theoretical studies to be more closely tied up with the experiments. For example, the virial coefficients [40] [41] [42] , relaxation times [43, 44] and hydrodynamic effects [45] [46] [47] [48] have been more recently investigated with a powerful tool of computer simulations and some of their results have been successfully compared with the experiments [31] [32] [33] [34] [35] [36] [37] 49, 50] (for a recent review, see [51] ). The effect of walls or other confining geometries has also found interest [52] [53] [54] in connection , for example, with surface critical phenomena (see [55] for a review). The center-absorbed star polymers are also related to the polymer brush [56] when the interchain distances on the substrate become short enough. In this article, the study of star polymers in good solvents in a dilute regime will be reviewed from the theoretical standpoint.
Lattice model and magnetic analogy of polymer networks
The theory of linear polymers in a good solvent has been very successful as a result of the connection established by de Gennes [2] and des Cloizeaux [57] between the polymer statistics and the critical phenomena of an n-component classical spin model in the n → 0 limit. The discussions presented in this section can be seen mostly in [17] [18] [19] .
Lattice chain model and n -vector model
Let us first start from a lattice chain model and assume that there are f chains of length l 1 , l 2 , ..., l f on a regular lattice. To be specific, let us use a d-dimensional hypercubic lattice with a unit lattice constant (d = 3 for usual purposes). Each segment has a unit length and can rotate only by 90
• . If the position of a joint of segments at a contour distance s i along the ith lattice chain is designated by r(s i ), the Hamiltonian of this lattice chain system can be written as
where δ r(s i )r(s j ) means Kronecker's delta and the parameters a and b are chosen to be 0<a<b. Then, we see that the energy is b−a(>0), zero, a(>0), 2a(>0), 3a(>0), ..., respectively, when the distance between two adjacent joint points is 0, 1, √ 2, √ 3, 2 and so on. And, if two joint points, which are on two different chains or on the same chain but apart from each other along the chain contour, meet at the same point, the energy is increased by b(>0). Therefore, keeping the conformations with zero energy only, we obtain f chains which do not pass the same lattice point twice, i.e., satisfying the self-avoiding condition. They are called self-avoiding walks (SAWs) on a lattice. We want to count the number of all such configurations with a given set of fixed chain-end points, O i = r(s i = 1) and P i = r(s i = l i ), i = 1, 2, ..., f . This is possible when we estimate the "restricted" partition function
of this Hamiltonian at T = 0. (The meaning of "restricted" is that the sum with respect to joint points {r(s i )} over the lattice points is taken with fixed chain ends at O i = r(s i = 1) and P i = r(s i = l i ), i = 1, 2, ..., f .) That is, the total number of configurations of f -chains on a lattice with fixed end points is exactly given by equation (2) at T = 0. From the complete knowledge on the total number of configurations, one can calculate various averages of geometrical quantities of polymer networks. Physical polymer networks contain loops and branch points, while the f linear chains introduced above are disconnected. However, by requiring some of the end points of linear chains to be in close proximity of each other, one can obtain desired structures of the considered network. If O 1 , O 2 , ..., O f are put as the nearest neighbours of each other while the positions of P 1 , P 2 , ..., P f are not restricted, an f -arm star geometry is realized. In fact, such a proximity constraint has the same physical effect as putting in suitable chemical crosslinks (functional units) to form the network. In what follows, we will consider a general polymer topology G and treat each crosslink, at which several chains meet at close vicinities, as a single branch point as a whole.
Total number of configurations of a polymer network with a fixed topology G is
where the summation with respect to end and branch points is taken over all N lattice points. The prefactor 1/N is necessary because there are N translationally identical configurations which should not be distinguished. It is often convenient to introduce a slightly different definition for the total number of configurations in which the total length of chains is fixed at L:
Now that the lattice chain model is defined completely, one can demonstrate its relation to the lattice spin model called the n-vector model. To this end, we define the generating function for the total number of configurations as
This generating function (5) is proved to be equal exactly to a nonlinear susceptibility (in the limit n → 0) of the n-vector model:
The n-vector model is defined by the Hamiltonian
In equation (8) , the summation runs over all the nearest-neighbour pairs, ij, on a lattice, and each spin S i at each lattice point i has n components
and fixed length |S i | 2 = n. This Hamiltonian describes the Ising model, the planar (XY) model and the classical Heisenberg model, respectively, for n = 1, 2 and 3.
The relevant nonlinear susceptibility χ G (K) can be constructed as follows: consider the system of f linear chains which do not have contacts with each other and suppose that the polymer network has n k , k-functional units. The k-functional unit around point P consists of g neighbouring points P 1 , P 2 , ..., P k , at which each linear chain starts. Then we are requested to introduce the kth order composite operator
for each g-functional unit constituting the network with the topology G. The sum with respect to P is performed with a fixed vertex structure, because the neighbouring points P 1 , P 2 , ..., P k do not change their configuration around P . Then, for a given topology G of polymer networks, the nonlinear susceptibility is given by
One should recall that ith chain carries ith spin component, so that the same component appears just twice in the brackets on superscript of Ψ's in (10) . When the nonlinear susceptibility χ G (K) is calculated with the renormalization group (RG) theory, the average of the product of composite operators becomes, after renormalization, a linear combination of the original function and other functions which are related to simpler topologies obtained from the original topology G by shrinking some arms and have the same or lower canonical dimensions. If we are interested in the networks having the same chain length l, we should discard all these terms which occur due to additive renormalization. That is, it is only necessary to identify the renormalization factor associated with the topology G itself. We will call this part of the renormalized nonlinear susceptibility the essential part.
Relation to critical phenomena
The equivalence between polymer and magnetic systems enables us to study conformational and entropic properties of polymer networks of long flexible chains.
From the knowledge of the n-vector model, we expect that the nonlinear susceptibility (10) generally exhibits a singular behaviour like
Here t is the reduced temperature defined by µK = e −t with µ = 1/K c = k B T /J; µ is a parameter proportional to the critical temperature of the n-vector model in the limit n → 0. Note that t = 0 corresponds to the critical point K = K c and t ∼ 1 − µK holds only near the critical point.
If we replace the summation with respect to L in (5) by an integration and use µK = e −t , the relation (6) becomes a form of Laplace transformations:
, where a symbol ∼ is used to indicate its validity only in the scaling limit, L → ∞. Because the nonlinear susceptibility is expected to have a power-law singularity (11) near t ∼ 0, an inverse-Laplace-transformation gives
Thus, the exponentγ G for the total number of configurations of networks with a fixed total length L is found to be identical to the exponent of the nonlinear susceptibility (11) . In enumerations of SAWs on a lattice, the constant µ is sometimes called the effective coordination number. Note that, in the case of simple random walks, µ is equal to the coordination number of a lattice (2d for the d-dimensional hypercubic lattice) andγ G is equal to 1. In contrast, in the case of SAWs, µ is slightly smaller than the coordination number minus 1, the number of possible directions of elongating a chain end by one segment without folding backward onto itself. This mapping shows that µ is independent of the topology of the polymer network.
As a more important case, when the length of every single chain is all the same and given by l, the total number of configurations N G (l, l, ..., l) behaves differently from the N G (L) with a fixed total chain length L. The behaviour of this N G (l, ..., l) may be explored by recognizing that, if all chain lengths l 1 , ..., l f are of the same order, then
Then, since such a region dominates in the sum of (4), we obtain
The comparison between (12) and (13) yields
Let us turn our attention to the end-to-end distribution of a general polymer network G. We consider the total number of configurations N G (O i , P j ; L) which is defined by the N G (L) summed up with respect to all ends and branch points except O i and P j . It depends on spatial coordinates only through the distance r ij between O i and P j . Then, introducing the reduced temperature and the Laplace transformation, and applying the magnetic analogy for this function, we are led to the local nonlinear
From the scaling theory of spin systems, we expect that it obeys a scaling form
where ν is the correlation-length exponent; and η G is the anomalous dimension and is related toγ
, we find the end-to-end distribution function for fixed topology G and fixed total length L,
similar to the single chain problems. The distribution function for general polymer networks where all chains have the same length l is also expected to have the same form as (16) . From (16), we get to the mean square end-to-end distance
which also behaves like a single polymer chain. Thus, we expect that if a flexible polymer network made of connecting very long chains is desolved in a good solvent, its gyration radius is characterized by the same exponent ν as for a single selfavoiding walk (SAW) (0.588 for d = 3) irrespective of the network structure [2, 17] .
Scaling theory of general polymer networks
Although the gyration radius exponent ν of an arbitrary polymer network is the same as that of a single self-avoiding walk (SAW), the exponent for the total number of configuration is generally different from that of the SAW and depends on the topology of the network G.
To see this, we will discuss a phenomenological scaling theory of general polymer networks. We assume that the gth-order composite field h g , which is conjugate to the gth-order composite operator Ψ g , scales as t ∆g irrespective of their components. That is, we assume that the free energy of the system has a scaling form
where α is the specific heat exponent of the spin system (α ∼ 0.23 for d = 3) and is related to ν by the hyperscaling relation α = 2 − νd The nonlinear susceptibility with composite operators is generally not multiplicatively renormalizable but mixed with other functions which have the same or lower canonical dimension [58] . Correspondingly, in the configurations of the network G with a fixed total length L, many simpler topologies are realized by shrinking some of the linear chains in G. In order to discuss the configurations with all chain lengths being the same, one should discard all such simpler (and less singular) terms and preserve only the singularity associated with the topology G (the essential part). The corresponding exponent γ G is obtained from the exponentγ G of the essential part associated with the topology G of the nonlinear susceptibility via equation (14) .
We have the essential part of the nonlinear susceptibility behaving as
withγ G = α − 2 + g n g ∆ g . Then using the relation (14) , the exponent γ G for the total number of configurations of f chains having the same length l is given by
This expression was first obtained by Duplantier [15] who used the two-dimensional exact analysis and the renormalization-group (RG) approach. The present derivation is based on a phenomenological scaling argument given by Ohno and Binder [17] . If we consider a comb polymer composed of g = (f − 1)/2 3-functional units and g + 2 side branches, its exponent is given by γ comb (g) = γ + g[γ(3) − γ] from the scaling relations (20) and (21) . This expression is verified to O(ε) in the RG ε = 4−d expansion, if we use γ(3), which was calculated specifically for star polymers to O(ε) by Miyake and Freed [20, 21] [see also (22) in the next section], and g comb (g), which was calculated specifically for comb polymers to O(ε) by Vlahos and Kosmas [26] .
Scaling behaviour of star polymers
Let us discuss the scaling behaviour of star polymers. First of all, the exponent γ G ≡ γ(f ) for an f -arm star polymer is expressed by the scaling relation (20) as
Thus, combining (20) and (21), one can express γ G for an arbitrary polymer network G in terms of well known exponents γ, ν and α, and star polymer exponents γ(f ). Now we mention the result of the RG ε expansion for the star polymer exponents. For the exponent γ(f ), the first-order term in ε was determined in 1983 by a pioneering work of Miyake and Freed [20, 21] . The expression valid up to the second order in ε was obtained by Ohno and Binder [17] as follows:
A(f ) is a regular function of f . Its value at O(ε 3 ) was identified by Duplantier [24] . The expansion is, however, an asymptotic expansion and does not converge even at small ε and f [25] . The large f behaviour of γ(f ) was predicted by Ohno [23] 
The γ(f ) was also evaluated by Monte Carlo techniques [7, 11, 13] (see section 3.1).
It is possible to discuss additional scaling relations which relate the contact exponents of a linear chain to the star-polymer exponents. Using the scaling relations (20) and (21), Duplantier and Saleur [59] and Ohno and Binder [17] obtained
where θ 1 denotes the contact exponent characterizing the short distance behaviour (s.d.b.) between one end and one interior point of a linear chain; and θ 2 characterizes the s.d.b. between two interior points of a linear chain. The scaling relations (24) between contact and star-polymer exponents are fulfilled if we use (22) with (23) for γ(f ) and the contact exponents calculated up to O(ε 2 ) by des Cloizeaux [60] . For a star polymer, the mean distance R C of an arbitrary monomer j from the center, the radius of gyration of the total polymer R gyr , and the mean center-end distance R CE are predicted by Daoud and Cotton [3] to behave as [see also (17) ]
The short distance behaviours of the monomer density distribution function
and the center-end distribution function
which are normalized as dr CE g(r CE ) = 1 and drρ(r) = L, are given by [18] ψ
γ being the configuration number exponent of a free linear polymer. Equations (26)- (29) refer to free star polymers only; a more general form is discussed in [61] .
Star polymers and polymer networks in semi-infinite geometry
The scaling theory for general polymer networks can be generalized to the case where some end or branch points are grafted on a flat surface [16] [17] [18] [19] . In the last two sections, we saw that the exponent γ G for a complicated network can be expressed as a linear combination of only these star polymer exponents γ(f ), and as the wellknown exponents of single linear polymer chains. Similarly, the exponent γ G for a polymer network G which has n h h-functional units free, n ′ h h-functional units grafted at the surface and totally f linear polymers with the same length obeys the scaling relation
This scaling relation was first obtained for two dimensions by Duplantier and Saleur [16] and then for arbitrary dimensions by Ohno and Binder [17] . For center-absorbed stars γ s (f ) is used for γ G , and for stars which have one, two, . . . ends of arms grafted at the wall, γ 1 (f ), γ 11 (f ), etc., are used. From (30), γ s (f ), γ 1 (f ), gll(f ), ... are expressed, by assuming that g 11...1 (f ) has g subscripts 1, as
By the RG ε expansion, the exponent γ s (f ) was found to be [18] 
where B(f ) = cε 2 + O(ε 3 ) and c is an unknown constant. Colby et al. [10] and Shida et al. [14] performed Monte Carlo simulations to evaluate γ s (f ) (see section 3.1).
These exponents take different numbers depending upon whether the surface is repulsive, attractive, or "marginal" with respect to the monomers forming the arms of the star [18] . Here we call a surface "marginal" if the system is right at the adsorption transition where for l → ∞ the chain configuration changes from ddimensional to (d − 1)-dimensional due to the attractive monomer-wall interaction.
Here, we draw attention to other properties of star polymers such as distribution functions [18, 19] . In the semi-infinite geometry, we also expect R C ∼ R gyr ∼ R CE ∼ l ν as (25) (ν = 3/4 in two dimensions and ν = 0.588 in three dimensions). In the case of center-absorbed stars, a dependence on the distances parallel and perpendicular to the surface (r || , z) appears. The monomer density profile behaves as
with the short distance behaviour of the scaling function ψ s (x, y)
Equation (35) contains a new exponent λ(f ) which depends on f . This λ(f ) should coincide with 1/ν in the limit f → ∞ where the Daoud-Cotton theory [3] or the cone picture [23] is applicable. The value of λ(f ) was determined with the ε expansion by Ohno and Binder [19] and is given by (f − 1)ε/4 + O(ε 2 ); it was also evaluated by means of Monte Carlo simulations by Shida et al. [14] (see section 3.1).
The center-end distribution function g s (r
where the scaling function φ(x, y) has the following short distance behaviour:
Here the exponents γ 1 , (γ 11 ) refer to the number of configuration of a linear chain polymer with one end, (two ends) grafted at a surface [54, 55] . These relations were tested for f = 2 − 15 stars by means of Monte Carlo simulations by Shida et al. [14] .
Equations (34)- (39) hold not only for a repulsive wall but also for a "marginal wall", where the adsorption transition from d-dimensional to (d−1)-dimensional behaviours takes place. For a marginal wall, the exclusion effect against polymers by the hard wall is cancelled by a sufficient strength of the attractive wall interaction. For slightly stronger attractive walls, polymers are adsorbed on the wall and exhibit (d − 1)-dimensional behaviour. In the polymer-magnetism analogy, this behaviour corresponds to the surface transition above the bulk T c of a magnetic system where the coupling constant at the surface (K s ) exceeds that in the bulk (K). The polymer problems near a marginal wall correspond in magnetic analogy to the critical behaviour at a "special transition" or a "surface-bulk" (SB) multicritical point [55] . The scaling relation (30) for networks with grafted chains also applies to the adsorption transition if ∆ ′ h is replaced by ∆ SB h . For example, ∆ SB 2 is no more given by −ν but by ϕ, which is the "crossover exponent" [54, 55] . The γ G obeys the scaling relation
∆ h and ∆ SB h are related, respectively, to the exponents of star polymers via (21) and
Note that these equations (40), (41) have exactly the same form as the repulsive case [see equations (30) , (31) 
For the attractive surface, equations (34)- (39) need modification, since the characteristic lengths parallel and perpendicular to the surface differ and are given by
Instead of equations (34) and (35), we have
. That is, the asymptotic properties of a star at an attractive wall are the same as those of a star in a (d − 1)-dimensional geometry. Similar to (44), we have for the center-end distribution function (42)- (45) are valid only for d > 2, since for d = 2 only two arms of a star polymer would be adsorbed on the surface, and the configuration of the remaining arms would be just that of a star with f − 2 arms at a repulsive wall.
At the adsorption transition, γ s (f ) and γ 1 in equations (34)- (39) 
In equation (46), C(f ) is a polynomial of both ε and f and of order ε 2 , ϕ is the crossover exponent, and γ 
Numerical simulations
Using various computer simulation techniques, one can simulate star polymers in solvents. Using the molecular dynamics method, Grest et al. [8] have investigated gyration radius of star polymers with up to 50 arms. Grest et al. also investigated relaxation times of star polymers [43] . To investigate the total number of configurations, it is necessary to count the probability of elongating arms (with sufficiently long chains to get to the scaling regime). For this purpose, Monte Carlo techniques have been used successfully. Off-lattice Monte Carlo simulations have been performed by Rey et al. [45] , Freire et al. [47] and Rubio and Freire [41] . Lattice Monte Carlo simulations of star polymers with up to 6 arms have been done by Lipson et al. [6] and Wilkinson et al. [7, 46] . Batouris and Kremer [11] used a biased sampling method in their Monte Carlo simulations. Ohno and Binder [12, 13] and Shida et al. [48] have applied an efficient enrichment algorithm to star polymers which enables one to treat star polymers with relatively large number of arms (∼ 32). Colby et al. [10] and Shida et al. [14] investigated grafted star polymers in a semi-infinite geometry. There is also an application of static Monte Carlo techniques to the investigation of a relaxation time by Ohno et al. [44] .
Enrichment algorithm
In the enrichment algorithm for star polymers [12] [13] [14] 44 ,48], we generate monodisperse f -arm stars with arm length l + 1 from those with arm length l which is shorter by one segment, using a standard Monte Carlo technique. The number of arms, f , is fixed throughout the computation. On a simple cubic lattice, for example, we have five ways of elongating one end of an arm by one segment, because the 6th direction makes the arm fold backwards on itself. The success ratio is given by (µ/5) f = (0.93706) f (the effective coordination number of the simple cubic lattice is µ = 4.6853 [62] ). Then, one-step larger star polymers are generated by elongating every arm by one segment. At each step, the self-avoiding condition is tested; unless this condition is fulfilled, generated configurations are simply discarded.
If we had to consider all possible realizations at the l + 1st step from M l distinct realizations at the lth step, we would have to make all 5 f M l trials. However, doing only mM l trials (m ≪ 5 f ) which are much less than the full 5 f M l trials, we can collect a sufficient number of samples which are statistically isomorphic to the full realizations. That is, we generate only a limited number of samples M l+1 from M l samples by a Monte Carlo method. This process can be iterated when M l ≈ M l+1 ≈ · · ·. The condition M l+1 /M l 1 is satisfied when we choose m (5/µ) f = (1.0672) f . In practice, it is necessary to increase M l gradually as l increases, because one has to avoid an unphysical "bias" caused from this iteration. However, even for f as large as f = 18 a rather small value of m(≈ 10) results. (For small l, it is better to work with somewhat larger values of m.) This enrichment algorithm for star polymers significantly reduces computing time, since it becomes quite efficient asymptotically for very long arms. In contrast, the conformation of shorter stars, typically with l = 1 or 2, are more rapidly counted by the direct SAW algorithm. The total number of configurations of f -arm stars with each arm length equal to l as its successive ratio N l+1 /N l can be identified as 5
Since the quadratic correction becomes negligible for l ≫ |γ(f )−1−f |/(2f ), the configuration number exponent γ(f ) can be determined from a plot of (5 f M l+1 /mM l )
1/f versus 1/f l: if the numerical data fall on a straight line with the (known) intersection µ f on the ordinate axis, the slope of this straight line yields [γ(f ) − 1]µ. The enrichment algorithm was recently applied to the semi-dilute regime of linear chain solutions [63] , although its extension to star polymer solutions has not been done yet.
Using the enrichment algorithm, Ohno [13] generated 6-, 12-, 18-and 32-arm star polymers with an octahedral core as center unit. The resulting exponent γ(f ) is listed in table 1 together with earlier works for up to 6-arm stars by Wilkinson et al. [7] and Batoulis and Kremer [11] . The exponents γ s (f ) and λ(f ) [see (35) for its definition] for center-adsorbed stars in a semi-infinite geometry were evaluated by Shida et al. [14] (first several numbers for γ s (f ) were also estimated by Colby et al. [10] ). They are listed in table 2. As was pointed out by Ohno and Binder [18] , λ(f ) is an increasing function of f and approaches 1/ν ≈ 1.70 as f increases.
The data also allow a significant study of linear dimensions such as the mean square distance from the center, R C , and the mean square distance R CE between the end (E) of an arm and the center (C). All results [6, 7, [11] [12] [13] are consistent in high accuracy with the Daoud-Cotton prediction (25) for the f and l dependences.
Virial coefficient
Entropic properties of star polymers in good solvents are closely related to the total number of configurations. Let us consider the osmotic pressure Π of a solution of monodisperse star polymers, which have f arms, each consisting of l segments. In a dilute solution, Π is expressed in a power series of the concentration c as
where N A stands for Avogadro's number, and M = f lm means the molecular weight of one star polymer (m is the molecular weight of one segment). This series is usually called the virial expansion, and A i (i = 2, 3, ...) is referred to as the ith virial coefficient of the solution. Available information about the virial coefficients is largely limited to A 2 , because of the difficulty in estimating A 3 and higher coefficients. Consider two star polymers in a solution, and write the ith joint point between two adjacent segments of the first (second) star as r i (σ i ) and the center of the first (second) star as r 0 (σ 0 ). In the good solvent limit, the two body interaction u(r i −σ j ) is given by (α/β)δ(r i − σ j ) with β = 1/k B T and α(>0) being the excluded-volume parameter. Then, the second virial coefficient A 2 can be expressed as
where N is the volume of the solution (i.e., the number of lattice points), and P {r} is the one-body distribution function of a star polymer normalized as {r} P {r} = N (the {r}-sum is taken by r 0 as well). The total number of configurations N (l, D) of two star polymers apart at a vector distance D = r 0 − σ 0 is expressed as
where N (l) denotes the total number of configurations of an isolated star polymer. Then, we find the following relation between A 2 and N (l, D):
Here we used N (l) 2 = N (l, ∞) which guarantees no interference at D = ∞. The function g(l, D) in equation (51) is the pair distribution function in the dilute limit. It approaches zero for small D as D a 2 (with a 2 >0) and goes to unity for large D. It is related to the effective interstar potential
Then, we obtain the logarithmic dependence of the effective interstar potential
which was first predicted by Witten and Pincus [29] . The penetration function Ψ, which is a combination of the second virial coefficient and the mean square radius of gyration as
is often used instead of A 2 itself, since it is known to be a universal quantity [37] . Ohno et al. [40] and Shida et al. [42] performed Monte Carlo simulations based on the enrichment algorithm to obtain the effective interstar potential and the second virial coefficient of star polymers. Rubio and Freire [41] evaluated the second virial coefficient of star polymers by using off-lattice Monte Carlo simulations.
In the enrichment algorithm, the successive ratios N (l, D)/N (l − 1, D) of the total number of configurations are obtained automatically. Multiplying these ratios from l(≫10) to l=10 yields N(l, D)/N(9, D). Then, g(l, D) in (51) is given by
. (54) In the second equality, we used N (9, D) = N(9, ∞) = N 2 (9) for sufficiently large D. (In fact this relation holds for all D satisfying D > 18.) Then the substitution of equation (54) into equation (51) yields A 2 which can be evaluated from the subsequent ratios of the total number of configurations. The values for the gyration radius R gyr , the second virial coefficient A 2 , the penetration function Ψ and the coefficient of the interstar potential a 2 obtained by Ohno et al. [40] are summarized in table 3. The results were successfully compared with the RG ε expansion by Douglas and Freed [22] , the prediction by Witten and Pincus [29] and the experiments for Ψ by Douglas et al. [37] , Roovers et al. [49] and Okumoto et al. [50] . 
Relaxation time
In the presence of excluded volume interaction, each arm is approximately restricted in its configuration to a cone the angle of which vanishes proportional to 1/r 1/2 as f → ∞. For this situation, Grest et al. [43] suggested the existence of several relaxation times; the autocorrelation time τ B of the distance between a core and an arm end is associated with the size of the largest blob: ξ max ∝ R(f ) −1/2 , which contains l Bmax ∝ ξ 1/ν max ∝ lf −1/2ν effective monomers. Then Grest et al. [43] proposed
For a relaxation time for the shape fluctuation of a star polymer, where a density fluctuation has to diffuse a distance of the radius R of the star polymer, they proposed a formula ("el" stands for "elastic")
Grest et al. [43] performed molecular dynamics simulations of multi-arm star polymers and confirmed these relations as a function of f . Equation (56) was also confirmed by Ohno et al. [44] who used the enrichment Monte Carlo simulation combined with the Kramers potential method.
Hydrodynamic interactions
In the calculation of hydrodynamic properties, one often uses a rigid-body approximation, in which polymer chains in the flow are assumed to move as if they were rigid molecules, i.e., their equilibrium conformations are presurved in the flow. This leads to the Kirkwood-Riseman equation [64] for each polymer molecule,
Here, η 0 is the viscosity of the fluid, a is the hydrodynamic radius of each segment, F i = (F ix , F iy , F iz ) the frictional force exerted on the ith segment, and T ij is the Oseen tensor defined by
Here r ij is the distance between the ith and jth segments. From these equations, the hydrodynamic radius R H can be calculated by setting the angular velocity at zero, and the intrinsic viscosity η can be calculated by setting both the total force and total moment to be equal to zero. Such a treatment with Monte Carlo simulations was first given for a linear chain in 1956 by Zimm [65] and therefore is nowadays called a Zimm model. The Monte Carlo investigation for star polymers was first performed in 1986-1987 by Rey et al. [45] and then in 1988 by Wilkinson et al. [46] , and recently by Shida et al. [48] . Table 4 lists the results by Shida et al. [48] of the factors for the intrinsic viscosity and the hydrodynamic radius,
as well as the Flory viscosity factor
and the hydrodynamic factor ρ ≡ R gyr /R H .
The data of 10 −23 Φ mol −1 for f = 2 and 12 obtained by Shida et al. [48] are close to those (1.80 and 5.18 for f = 2 and f = 12, respectively) obtained by Freire et al. [47] who used simulations without the rigid-body approximation. This implies that the approximation does not make much of an error on viscosity values. Table 4 also contains the values obtained from the empirical formulae for g η ≡ B(f )/B(2) and g H ≡ C(f )/C(2), which were proposed by Douglas et al. [37] by fitting to their experimental data. As is seen in this table, the agreement between the Monte Carlo results and the empirical formulae is excellent. Table 4 . Monte Carlo results [48] of the factors for the intrinsic viscosity, B(f ) and g η ≡ B(f )/B(2), and for the hydrodynamic radius, C(f ) and g H ≡ C(f )/C(2). The values obtained from empirical formulae by Douglas et al. [37] are also listed in the columns indicated by "Emp.". Results [48] of the Flory viscosity factor Φ and the hydrodynamic factor ρ defined, respectively, by (60) and (61) 
